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Summary 
In Ancient China, one of the earliest protracted 
expositions of the mathematical relationships which 
obtain among the lengths of the three sides of 
a right-angled triangle occurs in the commentary 
of Chao Chiin-ch'ing on the Chou Pi Suan Ching. 
This exposition is discussed and translated 
below. 
INTRODUCTION 
The Chou Pi Suan Ching [a] [*] (the Arithmetical Classic 
on the Gnomon and Solar Orbit [l]) was the most venerated 
mathematical text of the ancient Chinese mathematicians. But, 
inspite of its title, the text itself is devoid of mathematical 
discussions per se. Rather, its concern is to set out the 
Kai T'ien fb] cosmological theory. [2] This theory purports to 
explain the use of the vertical gnomon pole and the circular 
level dial platform in order to present a model wherein the 
sizes of the earth and the sun as well as the distances sepa- 
rating them can be calculated from the observations of altitude 
and azimuth,taken by means of the eight foot gnomon pole. [3] 
And though this theory involves the extraction of square roots, 
* Lower case letters refer to the glossary of Chinese characters 
at the end of the article. Numbers refer to footnotes. 
1. The title admits of a second translation: namely, the Chou 
Arithmetical Classic on the Gnomon. This is because the 
word "thou" is ambiguous. It may mean the Chou Dynasty 
(1122-249 B.C.), to which period the two interlocuters in 
the opening dialogue belong; or, it may mean the circular 
paths which the sun traces out, according to the cosmologi- 
cal theory presented in the book itself. [see Li Yen 1933, 
46-471 
2. Nakayama, S. 1969, 24. 
3. Chatley, H. 1938, 12. 
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the use of the “Pythagorean Theorem”, and knowledge of the pro- 
portionality of similar triangles; [4] nonetheless, the text 
itself contains no exposition of any mathematical topics. How- 
ever, very early in the text, following what seems to be a 
description of a right-angled triangle, the length of whose sides 
are in the proportion of three to four to five, there are 
three diagrams grouped together under the title: “Diagrams of 
Short Legs and Long Legs and of Circles and Squares”. [S] Ap- 
pended to these diagrams is a passage entitled: “Notes to the 
Diagrams of Short Legs and Long Legs and of Squares and Circles.” 
These notes by the commentator, Chao ChUn-ch’ing [ml, contain a 
concise exposition of relations which obtain among the three 
sides of a right-angled triangle. 
This passage, so important to the history of Chinese mathe- 
matics, has yet, to my knowledge at least, to be translated 
and explained. This, then, is an attempt to remedy that situa- 
tion, But, before turning to the translation of the passage in 
question, it is necessary to go into the background of the text 
and its commentaries, as well as to alert the reader to certain 
features of this translation. 
The date and authorship of the Chou Pi Suan Ching [a] are 
unknown. The only well-established fact is that the text could 
not have been written any later than the Later Han (25 A.D.-220 
A.D.), since Ts’ai Yung [c] (133-192 A.D.) refers to it in an 
extant segment of his Piao Chih [d]. [6] Similarly, one might 
doubt that it was written earlier than the Former Han (206 B.C.- 
8 A.D.) since there is no mention of it in the bibliographies 
of the Ch'ien Han Shu [e] (i.e. the official history of the 
Former Han Dynasty), which supposedly lists the works extant at 
that time. [7] Yet, as Needham points out, [8] this could simply 
be because it was then known under another title. One might 
also suggest that the mention in the Chou Pi text of Lu Pu-Wei 
[fl, minister for the state of Ch’in in the third century B.C., 
provides an upper limit to the text’s date of composition. Yet, 
certain similarities to the “Shuo Jib” [g] Chapter of Wang Chung’ 
[h] Lun Heng [i] (83 A.D.), to the Ssu Fen [j] Calendar (85 A.D.) 
and to Liu Hsin’s [k] San T’ung [l] Calendar (26 B.C.), all 
suggest that the text belongs to the middle of the Han Dynasty 
4. Nakayama, S. 1969, 25. 
5. The Chinese word does not contain in it a way of dis- 
tinguishing between the singular and plural. As a result, 
this title could be equally well translated into the 
singular, or even into a combination of singular and 
plural. 
6. Needham, J. 1954, Vol. III, 20. 
7. ibid., 19. 
8. ibid., 19. 
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(206 B.C.-220 A.D.). [9] In any case, to assign it to one decade, 
or even one century, seems illegitimate, since the text contains 
several incompatible versions of the Kai T’ien [b] theory. [lo] 
Rather, due to this incoherence and in view of the changing 
formats of presentation within the text, the feeling is that 
the thou Pi Suan Ching [a] is the last stage in a series of 
editings and expansions which took place between the end of the 
Warring States period (480-221 B.C.) and the end of the Later 
Han (8-220 A.D.). Unfortunately, given this hypothesis and the 
paucity of information on the text itself, the problem of 
authorship becomes complicated beyond hope of solution. 
Turning to the first extant commentary on the text, one 
does not fare much better as to its provenience. The commenta- 
tor, Chao ChUn-chling Em], is only known through what can be 
inferred from the extant editions of the Chou Pi Suan Ching [a]. 
[ll] As a result nothing is known of his other works, if any, 
or his life. All that can be said is this. First, he could 
not have lived earlier than the third century A.D. since he refers 
to the Ch’ien Hsiang [n] Calendar, formulated by Liu Hung [o] 
between 178 A.D. and 183 A.D. [12] Second, he could not have 
lived later than the fifth century A.D., since his work is 
provided with further supplementation by Chen Luan [p], who 
lived in the sixth century A.D. Therefore, he must have lived 
during either the Wei Dynasty (220-264 A.D.) or the Chin Dynasty 
(264-419 A.D.), which is what Pao Han-chih [q] states in his 
preface to the Chou Pi Suan Ching [a]. 
Next, appended to the commentary of Chao ChUn-ch’ing, as 
was stated just above, are the numerical illustrations and ampli- 
fications of Chao’s work by Chen Luan [p]. Thus, the sub- 
commentator confines himself entirely to the numerical aspects 
of Chao’s Notes. This is not surprising, since Chen Luan [p], 
who lived in the Northern Chou kingdom between 53.5 and 577 A.D., 
[13] was a co~entator of mathematical texts exclusively. This 
can be seen from the numerous texts which have passed through 
his hand: the Chiu Chang Suan Shu [aa] (the drithmetical Art in 
Nine Chapters), the Sun Tzu Suan Ching [ab] (the Arithmetical 
Classic of Sun Tzu), the Wu Ts'ao Suan Ching [ac] (the Arithme- 
tical Classic of the Five Governmental Lkpartments), the Chang 
9. ibid, 20. 
10. Nakayama, S. 1969, 26. 
11. Thus, for example, the commentator appears in some places 
as Chao Shuang [s], in others as Chao Ying [r], and in still 
others as Chao Chin-ch’ing [ml. The consensus is that 
Chltn-ch’ing is his style name, Shuang is his first name, 
12. 
and Ying is a scribal error for Shuang. [Li Yen, 1954, 531 
Needham, J. op. cit., 20. 
13. Li Yen 1937, 33. 
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Ch'iu-chien Suan Ching [ad] (the Arithmetical Classic of Chang 
Ch'iu-chien), the Hsia Hou-yang Suan Ching [ae] (the Arithmetical 
Classic of Hsia Hou-yang), the Wu Ching Suan Shu [af] (the 
Arithmetical Art of the Five Classics), the Shu Shu Chi I [ag] 
(Memoir on the Legacy of the Computational Asts), the San Teng 
Shu [ah] (OR Three Kinds of Numbers), and the Hai Tao Suan Ching 
[ai] (the Arithmetical Classic on the fsfand in the Sea). [14] 
And, in addition, he wrote his own mathematics text, entitled 
the Arithmetical Classic of Chen Luan, which unfortunately has 
been lost. [15] 
Finally, Li Ch’un-feng [t] (601-670 A.D.) supplies his 
corrections and emendations where necessary, only to the numeri- 
cal illustrations of Chen Luan [p]. Thus, Li has restricted 
his purview to the errors in Chen Luan’s [p] work on the Notes 
of Chao. 
Now, if one assumes the following two conditions to hold 
--namely, (1) annotations are restricted in scope by the 
material being annotated, and (2) the coherence of one set of 
annotations with another set depends ultimately on the coherence 
of the text being annotated--then it follows that, since the 
“Diagrams of Short Legs and Long Legs and of Circles and Squares” 
bear no explicit, and little, if any, implicit relation to the 
text in which it occurs; one may prescind, without worry of 
distortion, from the Chou Pi Suan Ching [a] text, except for the 
diagrams themselves to which Chao’s annotations are subjoined, 
to translate and discuss the content of the “Notes to the 
Diagrams of Short Legs and Long Legs and of Squares and Circles”. 
In addition to Chao’s Notes, there are incorporated into the 
translation the numerical illustrations [16] of Chen Luan [p], 
which not only provide clues to clearing up the obscure parts 
of Chao’s Notes but also supply some unexpected insights into 
the diagrams themselves. And at last, where needed, the cor- 
rections and emendations by Li Ch’un-feng [t] will be given, as 
they are often essential to deciphering Chen Luan’s illustrations. 
As for the translation itself, several points need to be 
kept in mind. First, in order to distinguish Chao’s Notes from 
Chen Luan’s [p] illustrations, the latter has been indented with 
respect to the former. Secondly, while the order of the Notes 
themselves is retained through-out, divisions are introduced 
for bringing into relief the intrinsic order of the Notes and 
for easy reference in the discussion at the end of the trans- 
lation. Thirdly, after each statement, where it is appropriate, 
14. ibid., 33-35. 
15. ibid., 35. 
16. All of Chen Luan’s illustrations are in terms of a right- 
angled triangle whose short leg, long log, and hypotenuse 
are in the ratio 3:4:5. 
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the mathematical content of the statement is put into modern 
algebraic symbols. [17] The reader, however, ought not to 
confuse this presentational aid with the actual rhetorical 
presentational form of the original. While the two forms of 
expressions are equivalent in a mathematical sense, they are by 
no means identical. And so fourthly, with a view to bringing 
through the original sense of the text as much as possible, 
the translation is rendered as literal as possible--an approach 
which, I believe, is uniquely suited to mathematical texts of 
this kind. As a result, a unique English translation for each 
Chinese technical term has been given. Finally, any variations 
from these general principles are duly noted in the course of 
the translation. 
TRANSLATION 
NOTES TO THE DIAG~S OF SHORT LEGS AND LONG LEGS 
AND OF CIRCLES AND SQUARES 
I / 
AV 
FIGURE 1. Hypotenuse Diagram (from Chou Pi Suan Ghing) 
(The central square contained by thick lines was coloured yellow; 
the square containing the yellow square and turned on its 
vertex was coloured red.) 
17. These equations were originally set forth by Li Yen [1933, 
Vol. I,, 48-50). It should be noted that in all the alge- 
braic expressions employed here "a" stands for the length 
of the short leg, "b" the long leg, and "c" the hypote- 
nuse. 
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FIGURE 2. Right Diagram (from Chou Pi Suan Ching) 
FIGURE 3. Left Diagram (from Chou Pi Suan Ching) 
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SECTION I 
1. Square [the length of] the short and long legs each. Add 
them to make the area on the hypotenuse. Extract the square 




Suppose the short leg is 3. Square it to get 9. 
[Suppose] the long leg is 4. Square it to get 26. 
Add them together to get 25. Extract the square 
root to get 5. It becomes [the length of] the 
hypotenuse. 
J32 + q2 = 5 
2. Relying on the Hypotenuse Diagram, one can, furthermore, 
take the product of [the lengths of] the short and long legs to 
be the red area, [composed of] two [triangles] [See Figure 11. 
Double it to make the red area, [composed of] four [triangles]. 
Take the square on the difference [in lengths] of the short and 
long legs to make the central, yellow area. Add the area of 
the difference [i.e. the yellow square] [to the red area com- 
posed of four red triangles] to complete the area on the hypo- 
tenuse. 
2 
2ab + (b-a) = c2 
Double the difference [in length] of the hypotenuse 
and short leg to make 4. Square it to get 16. 
[This] makes the central, yellow area in the Left 
Diagram [See Figure 21 . Add the area of the 
difference [in length of the two legs], which 
is 1, to the [area of the] outside rectangle, 
which blue [area] is 8, to get [an area of] 9. 
Add [that] to the central, yellow square, where 
the area is 16 to get 25. [This] also completes 
the area on the hypotenuse. [18] 
(2(S-3))2 + ((4-3j2 + 8) = 25 
Ja. Subtract the area on the difference [in length of the 
short and long legs] from the area on the hypotenuse. Halve 
the remainder, Take the difference fin length of the two legs] 
18. Chen Luan’s [p] final result, though it tallies with the 
expected result when using the particular values of his 
example, is based on an erroneous procedure, which is an 
incorrect representation of the one set out by Chao 
Chtin-ch’ing Em]. This is, of course, pointed out by Li 
Ch’un-feng [t]. 
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to be the ts’ung fa [ba] . [19] [Continue the steps to] extract 
the square root. [20] Once again [the length of] the short leg 
is gotten. 
2 
C - (b-aj2 
2 
= x2 + (b-a)x 
Subtract the area on the difference [in areas on the 
length of the two legs], which is 9, from the area 
on the hypotenuse, which is 25. The remainder is 
16. Halve it to get 8. Add the difference [in 
length of the short and long legs], which is 1, 
to get 9. Extract the [square] root to get [the 
length of] the short leg, which is 3. [21] 
J Gf2 +1 =3 
3b. Add the difference [in length of the two legs] to [the 
length of] the short leg. [This] is exactly [the length of] the 
long leg. 
x + (b-a) = b 
Add the difference [in length of the short and long 
legs], which is 1, to [the length of] the short leg, 
which is 3, to get [the length of] the long leg, 
which is 4. 
1+3=4 
19. This is a troublesome term. I have yet to find a complete 
explication of its meaning. But for our purposes here HsU Ch’un- 
fang’s brief explanation will suffice. He says that it refers 
to the coefficient of the linear term in a second degree equation 
(HsU Ch’un-fang 1954, 57). (cf. also Gauchet, L. 1914, 542) 
20. The Chinese term here is “k’ai fang ch’u chih” [bb]. Its 
usual meaning is “extract the square root”. However, in this 
context it seems to mean “continue the steps to extract the 
square root”. In fact, it can be shown that the solution to an 
equation of the form x2 + px = r, where p and r are positive, is 
contained in the procedure for the extraction of the square 
root. (Hsti Ch’un-fang 1954, 59). (cf. also Gauchet, L. 1914, 
540) 
21. Chen Luan’s [p] whole procedure is inconsistent with Chao’s, 
though once again the result obtained by Chen Luan [p] fortui- 
tously tallies with the result to be obtained by using the same 
values in the proper procedure. Li Ch’un-feng [t] merely points 
out that Chen Luan [p] is mistaken, and then provides the 
proper values for the various terms in Chao’s procedure. 
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SECTION II 
Every [22] area which is the sum of the areas on the short and 
long legs [of a right triangle] is exactly [equal to] the 
complete area on the hypotenuse. 
2 a + b* = c* 
The area on the short leg is 9. The area on the 
long leg iS 16. Add them to get 25. 
32 + 4* = 25 
Whether rectangles on the exterior or squares in the interior, 
[23] though the shapes are different, the content is even; 
though the forms are disparate, the numbers are equal. 
Part A: 
1. In the rectangle, which is [equivalent to] the area on the 
short leg, take the difference in [length of] the long leg and 
hypotenuse to be the width, and the sum [in length of] the long 
leg and hypotenuse to be the length. 
2 
a = (c-b)(c+b) 
And the area on the long leg is made into a square on the inside. 
Make the difference [in length] of the long leg 
and hypotenuse, which is 1, the width. Make the 
sum [in length] of the long leg, which is 4, and 
[the length of] the hypotenuse, which is 5, the 
length, which is 9. 
In the Left Diagram [See Figure 21, it is the outer 
blue [area]. [The interior square] in the Left 
Diagram becomes the central yellow [square whose 
area is] 16. 
22. Literally the word “fan” means : every instance in a 
group but conceived as a totality. It is usually translated by 
the English word “all”. But it is better translated here by 
the word “every”, 
23. I have emended the text here by reversing the order of 
occurrence of the words “interior” and “exterior”, This is 
justified on two grounds. First, the emended order is the order 
present in a quotation of this passage in Li Ch’un-feng’s [t] 
annotations to the fifth problem in Chapter 9 of the Chiu Chang 
Suan Shu [aa] (Ts’ung Shu Chi Ch'eng (ca) edition p. 146). 
Second, the unemended order leads to an inconsistent description 
of the underlying diagrammatic -model. This last point will be 
set out later on. 
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2. Subtract the rectangularized area [24] on the short leg from 
the area on the hypotenuse. Extract the square root. [This] 
is exactly [the length of] the long leg. 
Jc2 - (c-b)(c+b) = b 
Subtract the rectangularized area on the short leg, 
which is 9, from the area on the hypotenuse, which 
is 25; the remainder is 16. Its square root is 4, 
which is [the length of] the long leg. 
425 -9=4 
3a. Double [the length of] the long leg to make the ts'ung fa 
[ba] [25] [be] on the two sides. [Continue the steps to] extract 
the [square] root [26] [of the area] of the gnomon, [27] which 
is the rectangularized [area of the] short leg. [This] is 
exactly the difference [in length] of the long leg and hypotenuse. 
2 
X + 2bx = a2 (where x = c-b) 
Double [the length of] the long leg, which is 4, 
to get 8. In the diagram the two sides become 
the ts'ung fa [ba]. [Continue the steps to] 
extract the [square] root [of the area] of the 
gnomon, which is the rectangularized [area of the] 
short leg, or 9, to get 1. 
2 
X +8x=9 
3b. Add [the length of] the long leg [to the previous result] 
to make [the length of] the hypotenuse. 
x+b=c 
Add the difference [in length of the long leg and 
hypotenuse], which is 1, to [the length of] the 
long leg, which is 4; then [this] is [the length 
of] the hypotenuse, which is 5. 
1+4=5 
4a. Divide the difference [in length of the long leg and hypo- 
tenuse] into the area on the short leg to get the sum [in 
length] of the long leg and hypotenuse. 
24. i.e. the area transformed into rectangle(s). 
25. cf. fn. 19. 
26. cf. fn. 20. 
27. The most basic meaning of the word “chiao” is horn. It 
also means “angle”. Here, though, it clearly refers to the 
figure which remains after a parallelogram has been removed from 
the corner of a similar but larger parallelogram. 
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2 
a 
- = c+b 
c-b 
Divide the difference [in length of the long leg 
and hypotenuse], which is 1, into the area on 
the short leg, which is 9, to get 9. [This] is 
exactly the sum of [the length of] the long leg, 
which is 4, and [the length of] the hypotenuse, 
which is 5, or 9. 
9 -=5+4 
1 
4b. Divide the sum [in lengths of the long leg and hypotenuse] 
into the area on the short leg to get the difference [in length] 
of the long leg and hypotenuse. 
Divide [the sum in length of the long leg and 
hypotenuse, which is] 9 into the area on the 
short leg, which is 9, to get the difference 
[in length] of the long leg and hypotenuse, 
which is 9/9 = 1. 
5a. Let the sum [in length of the long leg and hypotenuse] be 
squared and added to the area on the short leg to make a divi- 
dend , Double the sum [in length of the long leg and hypotenuse] 
to make a divisor. The result [of the operation] is [the length 
of] the hypotenuse. 
(c+b)' e a2= c 
2(c+b) 
Add [the length] of the long leg and hypotenuse 
to get 9. Square [the sum] to make 81. Further, 
add it [i.e. the square] to the area on the short 
leg to get 90. [This] becomes the dividend. 
Double the sum of [the length of] the long leg 
and hypotenuse, which is 9, to get 18. [This] 
becomes the divisor. Divide to get 5. [This] 
makes [the length of] the hypotenuse. 
5b. Subtract the area on the short leg from the square on the 
sum [in length of the long leg and hypotenuse], The same 
divisor [divides] to make [the length of] the long leg. 
(c+b)2 - a2 = b 
2 (c+b) 
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Subtract the area on the short leg, which is 9, from 
the square on the sum [in length of the long leg 
and hypotenuse], which is 81. The remainder is 72, 
Divide by the divisor, which is 18, to get 4. 
[This] becomes [the length of] the long leg. 
81 - 9 --yjf-= 4 
Part B: 
1. In the rectangle, which is [equivalent to] the area on the 
long leg, take the difference in [length of] the short leg and 
the hypotenuse to be the width, and take the sum of [the lengths 
of] the short leg and hypotenuse to be the length. 
b2 = (c-a)(c+a) 
And the area on the short leg is made into a square on the inside. 
Take the difference [in length] of the short leg and 
the hypotenuse, which is 2, to be the width, and the 
sum (in length] of the short leg and the hypotenuse, 
which is 8, to be the length. 
g2 = (2) (8) 
In the Left Diagram [see Figure 31, the square, which 
is 9, is the area on the short leg. 
2. Subtract the rectangularized area [28] on the long leg from 
the area on the hypotenuse. Extract the square root. [This] is 
exactly [the length of] the short leg. 
Jc2 - (c-a)(c+a) = a 
Subtract the rectangufarized area on the long leg, 
which is 16, from the area on the hypotenuse, which 
is 25; the remainder is 9. Its square root is 3, 
which is [the length of] the short leg. 
J25 -16=9 
3a. Double [the length of] the long leg to make the ts'ung fa 
[ba] [29] [be] on the two sides. [Continue the steps to] ex- 
tract the [square] root [30] (of the area] of the gnomon, [31] 
which is the rectangularized [area of the] long leg. [This] is 
exactly the difference [in length] of the short leg and 
hypotenuse. 
28. cf. fn. 24. 
29. cf. fn. 19. 
30. cf. fn. 20. 
31. cf. fn. 27. 
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x2 + 2ax = b2 
Double [the length of] the short leg, which is 3, 
to get 6, In the diagram the two sides become 
the ts’unq fa [ba]. [Continue the steps to] 
extract the [square] root [of the area] of the 
gnomon, which is the rectangularized [area of 
the] long leg, which is 16, the result is 2. [J2] 
x2 f 6x = 16 
3b. Add [the length of] the short leg [to the previous result] 
to make [the length of] the hypotenuse. 
xfa=c 
Add the difference [in length of the short leg and 
hypotenuse] , which is 2, to [the length of] the 
short leg, which is 3, then [this] is [the length 
of] the hypotenuse, which is 5. 
2+3=5 
4a. Divide the difference [in length of the short leg and hypo 
tenuse] into the area on the long leg to get the sum [in length 
of the short leg and hypotenuse. 
Divide the difference [in length of the short leg 
and hypotenuse] which is 2, into the area on the 
long leg, which is 16, to obtain 8. [This] is 
exactly the sum of [the length of] the short leg 
which is 3, and [the length of] the hypotenuse, 
which is 5, OT 8. 
4b. Divide the sum [in length of the short leg and hypotenuse] 
into the area on the long leg to get the difference [in length] 
of the short leg and hypotenuse. 
b2 = c-a 
c+a 
Divide the sum [in length of the short leg and 
hypotenuse, which is 81 into the area on the 
long leg, which is 16, to get the difference 
32. I have emended the text here. The original text merely 
said: “each three”. But on the basis of the strict parallelism 
between Parts A and B, I have given here the complementary 
illustration to Part A 3a. 
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[in length] of the short leg and hypotenuse, 
which is 2. 
16 -= 2 
8 
5a. Let the sum lin length of the short leg and hypotenuse] be 
squared and added to the area on the long leg to make a dividend. 
Double the sum [in length of the short leg and hypotenuse] to 
make a divisor. The result [of the operation] is [the length of] 
the hypotenuse. 
(~+a)~ + b2 = c 
2 (c+a) 
Add [the length] of the short leg and hypotenuse 
to get 8. Square [the sum] to make 64. Then, add 
it to the area on the long leg to get 80, which is 
the dividend. Double the sum of [the length of] the 
short leg and hypotenuse, which is 8, to get 16, 
which is the divisor. Perform the division to 
get [the length of] the short leg. 
82 + 16 
16 = 
3 
5b. Subtract the area on the long leg from the square on the 
sum [in length of the short leg and hypotenuse]. The same 
divisor divides to make [the length of] the short leg. 
@+=I2 - b2 = a 
2(c+a) 
Subtract the area on the long leg, which is 16, 
from the square on the sum [in length of the 
short leg and hypotenuse], which is 64. The 
remainder is 48. Divide by the divisor, which 
is 16, to get 3. [This] becomes [the length of] 
the short leg. 
64 - 16 
16 =3 
SECTION I I I 
1. Multiply together the two differences [in length between the 
hypotenuse and long leg and between the hypotenuse and short 
14. Double [the result] and extract the [square] root. Add 
the difference [in length] of the long leg and hypotenuse to 
the result to make [the length of] the short leg. 
J2(c-b)(c-a) + (c-b) = a 
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Multiply the difference [in length] of the long leg 
and hypotenuse, which is 1, by the difference [in 
length] of the short leg and hypotenuse, which is 2, 
to get 2. Double it to make 4. Extract the [square] 
root to get 2. Add the difference [in length] of 
the long leg and hypotenuse, which is 1, to get 
3, which is the short leg. 
/2(l)(2) + 1 = 3 
2. [However,] add the difference [in length] of the short leg 
and hypotenuse [to the result of the square root extraction] to 
make [the length of] the long leg. 
J2(c-b)(c-a) + (c-a) = b 
[However,] add the difference [in length] of 
the short leg and hypotenuse, which is 2, [to 
the result of the previous root extraction] to 
get 4, which is [the length of] the long leg. 
42(l)(2) + 2 = 4 
3. [However,] add the two difference [in length between the 
hypotenuse and long leg and between the hypotenuse and short 
leg] [to the result of the previous square root extractions] to 
make [the length of] the hypotenuse. 
J2(c-b)(c-a) + (c-b) + (c-a) = c 
[However,] add the difference [in length] of 
the hypotenuse and long leg, which is 1, to 
the difference [in length] of the hypotenuse 
and short leg, which is 2, [to the result of 
the previous square root extraction] to get 
5, which is [the length of] the hypotenuse. 
42(l) (2) + 1 + 2 = 5 
SECTION IV 
Double the area on the hypotenuse and set forth the difference 
[in length] of the short and long legs, to find the area on the 
sum [of the lengths] of the two sides. [33] Verify this with 
the diagram [See Figure l] . 
la. When the area on the hypotenuse is doubled, the exterior 
33. I have emended the text here. The original reading ended 
as follows ‘I.... to find the area on the hypotenuse.” This is 
redundant and overlooks a key feature of the procedures below, 
thereby vitiating any descriptive power it might have. 
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great square is filled and there is excess of the yellow area. 
The excess of the yellow area is exactly the area [derived from 
the square] on the difference [in length] of the short and long 
leg. 
2c2 - (a++}' = (b-aJ2 
Double the area on the hypotenuse, which is 25, 
to get 50. The exterior great square, which is 
7 by 7, or 49, is filled and there is the excess 
of the yellow area. The excess of the yellow 
area is exactly the area [derived from the square] 
on the difference [in length] of the short and 
long legs. 
2(251 - 17) (71 = f4-3J2 
lb. Subtract the area [derived from the square] on the differ- 
ence [in length of the two legs] from it [i.e. the double of the 
area on the hypotenuse]. Extract the square root of the remain- 
der to get [the length of] the side of the great square. [The 
length of] a side of the great square is exactly the sum [in 
length] of the short and long legs. 
J2c2 - (b-a)"= (acb) 
Subtract the area [derived from the square] on 
the difference [in length of the two legs], which 
is 3, from 50. The remainder is 49. Extract the 
[square] root. [This] is exactly [the length of] 
a side of the great square, which is 7. It is 
also the sum [in length] of the short and long legs. 
450-l = 3 + 4 
lc. Let the sum [in length of the two legs] be squared. Double 
the area on the hypotenuse. Then subtract them [i.e. the area 
of the sum from the area on the hypotenuse]. Extract the [square 
root of the remainder to get the central yellow square. [The 
length of] a side of the yellow square is the difference [in 
length] of the short and long legs. 
J2C2 - (a+bj2 = b-a 
The sum [in length of the two legs] is 7. Square 
it to get 49, Double the area on the hypotenuse, 
which is 25, to get 50. Subtract [49] from it 
[i.e. SO]. The remainder is exactly [the area of] 
the central yellow square. The area [derived from 
the difference in length of the two legs] is 1. 
Therefore its square root is exactly the difference 
[in length] of the short and long legs, which is 1. 
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d2(25) - (7J2=1 
2a. Subtract the difference [in length of the two legs] from 
[their] sum and halve it [i.e. the remainder] to make [the 
length of] the short leg. 
ta+b) - U-1 = a 
2 
Subtract the difference [in the lengths of the two 
legs], which is 1, from [their] sum, which is 7. 
The remainder is 6. Halve it to get 3, which is 
[the length of] the short leg. 
-1,3 7 
2 
2b. Add the difference [in length of the two legs] to [their] 
sum and halve it [i.e. the remainder] to get [the length of] the 
long leg. 
(a+bl + lb-ai = b 
2 
Add the difference [in length of the two legs], which 
is 1, to [their] sum, which is 7, to get 8. Halve 




1. The double [of the length] of the hypotenuse [makes up] the 
sum of the width and length. 
2c = (c-b) + (c+b) 
or 
2c = (c-a) + (c+a) 
Double [the length of] the hypotenuse, which is 5, 
to make 10. [34] [This] becomes the sum of the 
length and width. 
2(5) = 1 + 9 
or 
2(5) = 2 + 8 
2. Let the known [length of] the short leg or long leg be 
squared to make its area. Quadraple the area [from the previous 
step] and subtract it [from the area of the entire square]. Take 
34. I have followed Li Ch'un-feng's [t] emendation of "25" to 
"5" and "50" to ltfUtt. 
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the [square] root of the remainder. The result is the difference 
[in the length and width] . 
J4c2 - 4a2 = [c+b) - (c-b) 
or 
J 4c2 - 4b2 = (~+a) - (c-a) 
“Let the known . . . be squared” means multiply 7 by 7 
to get 49. Yjuadruple the area" means within the 
short and long legs there are 4 squares. Within 
each of these there are 12.. 4 areas have 48 [small] 
squares. Subtract [these] from the previous 49. 
The remainder is 1. Extract the [square] root to 
get 1. This is [exactly] the difference [in length] 
of the short and long leg. f35f 
Jso -4P=l 
3. Subtract the difference [in length and width] from [their] 
SUm. Halve the remainder to make the width. 
3s. Li Ch'un-feng points out that Chen Luan [p] is in error, 
and then proceeds to set forth the proper numerical illustration. 
He says: "'Let . . . be squared' means square 10 [i.e. 2c] to get 
100. 'The quadrupled area . . . * means the four squares within 
the length and breadth of the large square." (See Figures 9 and 
10). But this does not seem quite right, for Chao does not 
allude in any way to the squaring of 2c but refers explicitly 
to a and b only. Clearly, these are the numbers to be squared. 
If so, the so-called quadrupled area would mean 4a2 or 4b2. 
Furthermore, this interpretation fits the diagrammatic model 
upon which Chao’s statement is based. (More about this below). 
Li Ch'un-feng continues: "(1) If one explains, relying on the 
area on the short leg, then in one square the area is 9. The 
quadrupled area is 36. 
i.e. i2cJ2], 
Subtract it from the previous 100 
[ The remainder is 64. Extract the [square] root 
to get 8. This is exactly the difference between the length 
and width. [In other words,] this is the number which remains 
after subtracting the difference [in length] of the long leg 
and hypotenuse from the sum [in length] of the long leg and 
hypotenuse, (2) If one explains it, relying on the area on the 
long leg, then in one square the area is 16. The quadrupled 
area is 64. Subtract it from the previous 100 [i.e. f2cj2]. 
The remainder is 36. Extract the [square] root to get 6. [This] 
is exactly the difference between the length and width. [In 
other words,] this is the number which remains after subtracting 
the difference [in length] of the short leg and hypotenuse from 
the sum [in length] of the short leg and hypotenuse.” (See Figures 
9 and 10). 
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*([(c-b) + (c+b)] - [(c+b) - (c-b)]) = c-b 
or 
%{[ (c-a) + (c+a) ] - [ (c+a) - (c-a)] I = c-a 
Subtract the difference [in length and width], 
which is 1, from [their] sum, which is 7. The 
remainder is 6. Halve it to get 3, which is 
the width, [36] 
7 -l =3 
2 
4. Subtract the [the length of] the width from the [length of 
the] hypotenuse, which is what is being sought. 
c - (c-b) = b 
or c- (c-a) = a 
Subtract the width, which is 3, from the hypotenuse, 
which is 5. [This] is [exactly] the sought differ- 
ence, which is 2. [37] 
5 - (3) = 2 
DISCUSSION 
This portion of Chao Chtln-ch'ing's [m] commentary on the 
Chou pi Suan Ching [a], of itself, is merely a straightforward 
set of statements which enumerate various relations obtaining 
among the sides of a right-angled triangle. Yet, it is not as 
straightforward as it seems, for further reflection quickly 
reveals several puzzles. For example, the title says: "Notes to 
the Diagrams of Short Legs and Long Legs and of Squares and 
Circles". The long and short legs, and even the squares appear, 
but where are the circles? Or, there are three diagrams: the 
Hypotenuse Diagram [see Figure 11, the Right Diagram [see Figure 
21, and the Left Diagram [see Figure 31. But out of the thirty- 
five or so stated procedures, Chao refers the reader to diagrams 
for only four of them. And of these four, only once does he 
36. Li Ch'un-feng [t] states that Chen Luan [p] is in error and 
gives the correct numerical illustration as follows: "Subtract 
the difference in length and width, which is 8 or 6, from their 
sum, which is 10 in either case. The remainder is 2 or 4 res- 
pectively. Halve it to get 1 or 2 respectively. 1 is exactly 
the difference in length of the long leg and hypotenuse. 2 is 
exactly the difference in length of the short leg and hypotenuse". 
37. Again, Li Ch'un-feng [t] states that Chen Luan [p] is in 
error and gives the correct numerical illustration as follows: 
"Subtract the width, which is 1 or 2, from the length of the 
hypotenuse, which is 5. This is exactly what is sought: the 
length of the long leg, which is 4, or the length of the short 
leg, which is 3". 
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specify the Hypotenuse Diagram. And what, then, of the other 
two diagrams? Well, they are mentioned by Chen Luan [p] in his 
numerical interpretations; however, the actual diagrams are not 
suited as diagrammatic models of the procedures to which they 
are ascribed. Finally, Chao's mode of expression for his pro- 
cedures is replete through-out with geometric references, Such 
terms as "area", "rectangle", "square", "length", "width", and 
"side" appear again and again. One even encounters such an 
enigmatic description as: 
tether rectangles on the exterior or squares in the 
interior, though the shapes are different, the content 
is even; though the forms are disparate, the numbers 
are equal. (Prefatory remark to Section II). 
What then is to be done about the remaining seventy-five per cent 
of the passage which is appended as annotations to diagrams but 
for which there are no suitable diagrams? Perhaps the answer 
is to be found in the Chiu Chang Suan Shu [aa] (the Arithmetical 
Art in Nine Chapters). 
The Chiu Chang Suan Shu [aa] is the earliest complete and 
entirely mathematical Chinese text. Like the Chou Pi Suan Ching 
[a], its authorship is unknown and its date of composition is 
indeterminate, However, in contrast to the former work, some 
description of its origin is provided in the introduction of its 
earliest extant commentary, written in 263 A.D. 1381 According 
to Liu Hui [u], the commentator, after the book-burning by 
Ch'in Shih Huang Ti [v] during the final quarter of the third 
century B.C., Chang Ts'ang [w] and later Keng Shou-Ch'ang [xl, 
who were prominent at the beginning and end of the Former Han 
Dynasty [206 B.C. - 8 A.D.) respectively, were responsible for 
restoring the Chiu Chang Suan Shu [aa] to its approximate origi- 
nal form. Further on, Liu mentions that the "nine calculations" 
--the implication here being that each chapter of the Chiu Chang 
(i.e. Nine Chapters) Suan Shu [aa] is concerned with one of the 
forms of the "nine calculations" --were included among the Six 
Arts (i.e. propriety, music, archery, charioteering, writing, 
and mathematics) to be taught to the heir-apparent. Now, in the 
Chou ~1 [y], under the entry for Pao Shih [z], who was the 
official in charge of the education of the heir-apparent, there 
appears a statement similar to Liu's. [39] In the annotations 
to this passage, Cheng Hsuan [ca] (127 - 200 A-D.), the commenta- 
tor, quotes a list of so-called nine calculations given by his 
predecessor, Cheng Chung [cb] (first century A.D.). This list, 
with the exception of the last item, is identical with the 
38. Wang, Ling 1955, 347. 
39. ibid,, 347-348. 
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chapter-headings of the Chiu Chang Suan Shu [aa]. [40] But in 
view of the substantial overlap in the material referred to by 
the disparate items, [41] even this last discrepancy becomes 
negligible. 
Now, several parallels between the Chou Pi Suan Ching [a] 
and the Chiu Chang Suan Shu [aa] become apparent. First, both 
seem to reach back into pre-Han times. Second, both seem to 
receive their final form in Han times. And third, each’s earliest 
extant ~o~entary is post-Han. And therefore, either the 
commentators are contemporaries, or Chao Chun-ch’ing [m] succeeds 
Liu Hui [u] by no more than two hundred and fifty years, It is 
not unreasonable, in either case, to seek elucidation of the 
mathematics of Chao’s Notes in the Chiu Chang Suan Shu [aa] 
commentary of Liu Hui [u]. This is evident in the first case. 
And in the second, it follows directly from this fact: with the 
passage of time, the Chiu Chang Suan Shu [aa] becomes more and 
more a true “classic” (i.e. a prototype and authority) for all 
subsequent mathematical works, [42] and a fortiori for all 
subsequent works utilizing mathematics. 
What, then, is the mathematical content of the text to 
which one might now turn for illumination? Well, since each of 
its nine chapters contains a set of problems on one topic alone, 
one may easily summarize as follows. The first chapter, Fang 
T'ien [da] (Surveying the Land), contains problems in finding 
the area of plane figures. The second, Su &fi [db] (Millet and 
Rice), has problems on proportion. The third, Ts’ui Fen [de] 
(Distribution by Progression), includes arithmetical and geome- 
trical progression problems, The fourth, Shao Kuang [dd] 
(Diminishing Breadth), covers problems which give areas and 
seek the length of the side--in particular extracting square and 
cube roots. The fifth, Shang Kung [de] (consultations on 
Engineering Works), comprises problems on finding volumes. The 
sixth, Chtin Shu [df] (Impartial Taxation), presents problems in 
pursuit and alligation. The seventh, ring Pu Tsu [dg] (Excess 
and Deficiency), is a set of problems involving the Rule of 
False Position. The eighth, Fang Ch'eng [dh] (Calculation by 
Tabulation), takes in problems on simultaneous linear equations. 
And the ninth, KOU KU [di] (Short Legs and Long Legs), [43] en- 
compasses the problems relating to the properties of right-angled 
triangles. And this last chapter is precisely the kind of 
topic being sought here. 
The twenty-four problems and their solutions which make 
40. Li Yen 1937, 9. 
41. Hsti Ch’Zln-fang 1935, 121. 
42. Gauchet , L. 1914, 537 fn. 2. 
43. The translation for the titles, except for the last, is 
taken from Needham, J. 1954, V. III, 25-26. 
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up this chapter are only of a few basic types. First, there are 
five problems which, given the length of two sides, ask for the 
length of the remaining side. For example, problem four runs as 
follows : 
[Problem:] Now there is a circular wooden block. 
The diameter is two feet and five inches. One 
wishes to make a square [i.e. rectangular] [44] 
board. Suppose the length is seven inches. Ques- 
tion: how much is the width. Answer: two feet 
and four inches. 
Procedure: Let the diameter, which is two feet 
and five inches, be squared. Subtract the square 
of seven inches from it. Extract the square root 
of the remainder. [This] is exactly the width. 
Next, there are eight problems which give the length of 
one side of a triangle as well as the sum or difference in length 
of the other two sides and then ask for the length of each. 
Problem eight is the best example of this group: 
[Problem:] Now there is a wall ten feet tall. 
Cause the pole to lean on the wall such that the 
top [of the pole] and wall are even. Withdraw 
the,pole one foot away [from the wall] and the 
pole will come to the ground. Question: what is 
the length of the pole. Answer: fifty feet and 
five inches. 
Procedure: Square the height of the wall, which 
is ten feet. Divide it by [the length of] the 
distance withdrawn, which is one foot. To the 
result, add [the length of] the distance withdrawn 
and halve it, [This] is exactly the number for 
the length of the pole. 
Perhaps an auxillary to this group is the one which gives 
the difference in length between the short leg and hypotenuse 
and the long leg and hypotenuse and then asks for the length of 
each side of the triangle. A third set of six problems involves 
finding a length where some figure (such as a square, or a 
rectangle, or even a circle) is inscribed in a right-angled 
triangle. Problem sixteen is a good illustration of this set: 
[Problem:] Now there is a square city two-hundred 
feet [on a side]. In the middle of each side there 
is a gate-opening. At fifteen paces out of the east 
gate there is a tree. Question: at how many paces 
out of the south gate will one see the tree. Answer: 
44. In the metrology here, 10 inches equals one foot. 
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six-hundred and sixty-six and two-thirds 
paces. 
Procedure: The number of paces out of the 
east gate makes the divisor. Halve [the lengths 
of] the side of the city and square it to make 
the dividend. Divide the divisor into the 
dividend. 
Next, there are three problems in finding dimensions 
through the proportionality of similar (right-angled) triangles. 
For instance, problem twenty-three states: 
[Problem:] Now there is a well. The diameter 
is five feet. Its depth is unknown. Erect 
a five foot pole by the top. From the tip 
of the pole the edge of the water is sighted. 
The diameter [at the mouth of the well] is 
cut four inches [from the edge of the well]. 
Question: how deep is the well. Answer: 
fifty-seven feet and five inches. 
Procedure: Set up [on a counting board] 
the well's diameter, which is five feet. 
Subtract from it the length by which the 
diameter is diminished, which is four inches. 
Multiply the remainder by [the length of] 
the pole, which is five feet, to make the 
dividend. Let the length by which the 
diameter is diminished, which is four inches, 
be the divisor. Divide. 
The one remaining problem in the chapter is the one which 
involves, in modern terms, the solution to the equation: 
x2 + 34x = 71uua. 
From this sample and summary of the Kou Ku (di] Chapter, 
one sees that the first two groups of problems, which comprise 
fourteen of the twenty-four problems in Chapter Nine, are 
the sorts of problems that lend themselves to solution through 
the procedures stated by Chao. However, unlike the passage 
appended to the Chou Pi Sum Ching [a] diagrams, the basic 
Chiu Chang text merely gives problems and their numerical 
solutions. However, in the commentary a whole new dimension 
is added to the material, for Liu Hui [u] ttexplains the 
principles with words and analyzes the forms through diagrams". 
In other words, the commentator transforms the material of 
Chapter Nine into the terms of diagrammatic models. In fact, 
as it turns out, this chapter of the Chiu Chang Suan Shu [aa] 
embodies, in effect, all the diagrams which are either explicit 
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or implicit in the text translated above. [45] 
Now, in light of this new material, namely Liu Hui's [u] 
diagrams and commentary on the Chiu Chang Suan Shu [aa], how do 
the puzzles in Chao's Notes fare? Well, this question is best 
answered by setting out the procedures in Chao's Notes along 
with the diagrams to which they can be applied. 
FIGURE 4. Hypotenuse Diagram (from Chiu Chang Sum Shu) 
The Hypotenuse Diagram, which occurs in the Chou Pi Suan 
Ching [a] and the Chiu Chang Suan Shu [aa] (see Figures 1 and 
4 respectively), encompasses all the statements in Section I 
and IV of Chao's Notes. Turning to I:2 first, one sees in 
Figure 4 by simple inspection that ABDE (i.e. c2) is composed 
of one small square KK?G (i.e. (h-aj2) and four triangles 
45. A brief note about the transmission of these diagrams is 
necessary. As they are found today, these diagrams are recon- 
structed from descriptions added to the text by T'ang editor 
Li Ch'un-feng [t]. Thus, the diagrams, their titles, and their 
descriptions are not the original ones in the text or in Liu 
Hui's [u] commentary. On the other hand, Lils descriptions are 
based on an examination of the text and commentary, which is 
corrupt in spots. The emendations which he makes are substan- 
tiated, where possible, by the parallel in Chao's Notes. However, 
the validity of the restored diagrams are evident to the reader 
on the basis of Liu's unemended commentary and the Chiu Chang 
text itself without any reference to Chao. For one possible 
exception, see fn. 53. 
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congruent with BKD. By rearranging these four triangles into 
two rectangles (i.e. 2&), the result is 
2ab + (b-a) = c2 2 
While not undertaken by Chao, the demonstration of I:1 is fairly 
clear. The square GMEN (i.e a2) and the square BOFM (i.e. b2) 
form a figure BFGENO (i.e. a2 + b2). Now this latter figure is 
composed of two rectangles BOKD (i.e. ab) and HDEN (i.e. ab), 
and a small square KHFG (i.e. (b-a) 2). Or, in other words, 
2 2 a + b2 = 2ab + (b-a) 
And by substituting the result of 1:2, one obtains: 
a2 + b2 = c2 
The equation for 1:3a develops in this way [46] (see Figure 
4). First,2ABDY (i.e. c2) is composed of the small square KHFG 
(i.e. (b-a), ) and four triangles, or two rectangles (i.e. 2ab). 
In these terms, CBdF (i.e. ab) has the same area as what remains 
when the small square KHFG (i.e. (b-a)2) is removed from ABDE 
(i.e. c2) and the remainder is halved. That is to say: 
2 
C - (b-a)2 
2 
Next, it is easily shown that GMEN (i.e. a2) and HLXM (i.e. 
(i.e. a(b-a)) together compose HaFN (i.e. ab). Therefore, 
2 
C - fb-a)2 = a2 + a (b-a) 
2 
And if a were an unknown quantity, then letting x substitute 
for a, one obtains: 
c2 - (b-a) 2 = x2 + (b-&x 
2 
And, by simple addition 1:3b follows: 
x + (b-k) = b 
Based on the emended statement at the beginning of Section 
IV of Chaols Notes, four procedures can be derived: 
2c2 - (a+b)2 = (b-a)2 (1V:la) 
2c2 - (b-a)2 = (a+b)2 (missing) 
J2c2 - (a+b)2 = (b-a) (1V:lc) 
J 2c2 - (b-a)2 = (a+b) (1V:lb) 
46. This is the analysis given by Hsti Ch'un-fang 1954, 56-57. 
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However, only three are actually given by Chao. But in any 
case, all can be demonstrated by means of the Hypotenuse Diagram. 
Meanwhile, problem eleven of the KOU KU [di] Chapter gives the 
length of the hypotenuse (i.e. c) and the difference in length 
of the two legs (i.e. b-a); and it asks for the length of each 
leg (i.e. a and b) . The commentator, Liu Hui [u] , gives two 
solutions, both of which are in terms of the Chiu Chang Suan 
Shu's [aa] Hypotenuse Diagram, which is substantially identical 
with the one in the C~OU pi Suan Ching [a]. The second solution 
given by Liu is the one in the original text. The first is his 
own, more general solution. The first step in his solution is 
to find the sum in length of the two legs (i.e. sib). He says: 
Double it [i.e. the area on the hypotenuse]. 
Subtract the area on the difference [in length] 
between the short leg and long leg. Extract its 
square root. It is exactly the numerical sum 
of the width and height [i.e. sum in length of 
the short and long legs]. 
In other words, 
J2c2 - (b-a)2 = (a+b) 
which is identical with 1V:lb. For the second step, he says: 
Subtract the difference [in length of the two legs] 
from their sum and halve it [i.e. the result]. 
which is identical with 1V:Za. Further on, Liu Hui [u] supple- 
ments his analysis of the solution with another procedure 
demonstrable in the Cbiu Chang sum Shu [aa] Hypotenuse Diagram: 
namely, 
J2c2 - (a+bj' = (b-a) 
which is identical with 1V:lc. And in conjunction with this, 
he points out the two steps for finding the values of a and b 
respectively: 
k [ (a+bl - (b-a)] = a 
%[(a+b) •C (b-a)] = b 
wherewith IV: 2b is again found in Liu F s commentary. 
Next we turn to Section II and encounter the enigmatic 
statement cited previously; namely, 
Whether rectangles on the exterior or squares in the 
interior, though the shapes are different, the 
content is even; though the forms are disparate, 
the numbers are equal. 
Obviously, Chao has some sort of diagrammatic model in mind; 
but whatever it is, it is not explicitly employed in the statement 
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which follow. And Chen 
Luan’s [p] reference to 
the Right and Left 
Diagrams, at least as 
they stand, is clearly c 
inappropriate. However, 
appended to the commen- 
tary on problem five 
in the KOU KU [di] 
Chapter is substantially 
the same passage which 
includes with it II:Al, 
II:AZ, II:Bl, and II:B2. 
And on inspection of the 
two diagrams, Kou Shih 
chih ChU T’u [cc] 
(Diagram for the Rectan- 
gles Equivalent to the 
Area on the Short Leg) 
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lsee Figure ‘) and Ku FIGURE 5. Diagram for Rectangles 
Shih chih Chii T’u [cd] 
(Diagram for the Equivalent to the Area on the Short Leg 
Rectangles Equivalent 
(from Chiu Chang Suan Shu) 
to the Area on the 
Long Leg) (see Figure 6)) the enigma is dispelled and the pro- 
cedures are suitably represented. 
Thus, according to Figure 5, if EG is the length of the 
hypotenuse (i.e. c) and 
3~~~~ the square on the 
hypotenuse (i.e. c2), and 
EF the length of the long 
leg (i.e. b) and CIEF the 
s uare on the long leg (i.e. 
4 b ); then the gnomon 
ACBFGB must have an area 
equal to the square on 
the short leg (i .e, a2). 
It is also evident that 
this gnomon is equivalent 
in area to two rectangles 
whose lengths are CD (i.e. 
b) and BG (i.e. c) and 
whose widths are both FG 
(i.e. c-b). Therefore, 
t f G 
FIGURE 6. Diagram for Rectangles 
Equivalent to the Area on the Long Leg 
(from Chiu Chang Suan Shu) 
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Or, 
a* = (c-b)(c+b) fII:Al) 




Obviously, the same kind of reasoning can be carried out in terms 
of the Ku Shih chih Chii T'u [cd] (see Figure 6) to obtain the 
complementary results: 
b2 = (c-a) (c+a) (1I:Bl) 
(II:B4a) 
22 = c-a 
&a 
(II:B4b) [49] 
Next, since the square AEEG is composed of the smaller 
square C&W and the gnomon ACDEFGB, if the area of the gnomon 
(i.e. (c-b) f&-b) in Figure 5; and (c-a)(c+a) in Figure 6) is 
taken away from the area of the large square (i.e. c2), then a 
square remains whose side is EF (i.e. & in Figure 5; and a in 
Figure 6). That is to say: 
Jc2 - (c-b)(c+b) = a (II:A2) 
J c2 - (c-a)(c+a) = b (II:B2) 
Finally, come the last two procedures explainable in terms 
of the diagrams now under discussion. Consider the area of the 
gnomon ACDF+33 (i.e. a2 in Figure 5; and b2 in Figure 6) to be 
composed of two rectangles and one square. That is, one 
rectangle has a width AC (i.e. c-b in Figure 5; and c-a in 
Figure 6) and a length CD (i.e. b in Figure 5; and a in Figure 6 
Similarly, the second rectangle has a width FG (i.e. c-b in 
Figure 5; and c-a in Figure 6) and a length DF (i.e. b in Figure 
5; and a in Figure 63. There remains a small square BD in the 
upper right-hand corner (i.e. (c-b)2 in Figure 5; and (c-a) 2 in 
47. This is the essential step for the solutions to problems 
six through ten in the Kou Ku [di] Chapter. 
48. This is the essential step for the solution to problem 
twelve in the Kou Xu [di] Chapter. 
49. This is an additional solution set forth by Liu Hui [u] 
for problem thirteen. 
I. 
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Figure 6). Adding these areas together in their respective 
diagrams, the result is: 
(c-bf2 + 2b(c-b) = a2 
(~-a)~ + Zafc-af = b2 
Now, if c-b or c-a were the quantity being sought, then letting 
x represent that unknown quantity, one obtains: 
2 2 
X + 2bx = a (II:A3a) 
x2 + 2ax = b2 (II:B3a) 
And, by simple addition II:AJb and 1I:BSb follow: 
x+b=c (II:A3b) 
x+a=c (1I:BJb) 
To demonstrate the remaing procedures in Section II, it 
is necessary to modify the diagrams just employed above. Thus, 
the Kou Shih chih ChU Diagram [cc] [see Figure 61 expands to 
become Ku fl Kou-Hsien-Ping Ch'iu Kou Hsien chih T'u [ce] 
(Diagram for Seeking the Length of the Hypotenuse and Short Leg 
from the Length of the Long Leg and Sum in Length of the Short 
Leg and Hypotenuse) (see Figure 7); and the Ku Shih chih ChU 
Diagram [cd] (see Figure 5) enlarges to become the Kou yu 
Ku-Hsien-Ping Ch'iu Ku Hsien chih T'u [cf] [SO] (Diagram for 
Y 
FIGURE 7. 
Diagram for Seeking 
the Length of the 
; 
Hypotenuse and Short 
Leg from the Length 
of the Long Leg and 
the Sum in Length of 
the Short Leg and 
Hypotenuse (from 
Chiu Chang Sum Shu) 
50. Actually, this second diagram (i.e. Figure 7) is not given. 
Its designation and form have been supplied on the analogue of 
its complement, the previous diagram. 
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FIGURE 8. 
Diagram for Seeking the Length of the Hypotenuse and Long Leg 
from the Length of the Short Leg and Sum in Length of the Long 
Leg and Hypotenuse (from Chiu Chang Suan Shu) 
Seeking the Length of the Hypotenuse and Long Leg from the 
Length of the Short Leg and Sum in Length of the Long Leg and 
Hypotenuse) (see Figure 8). 
Now, from the earlier discussion on the Kou Shih chih ChU 
Diagram [cc] and Ku Shih chih ChU Diagram [cd] which are 
embodied in the upper right-hand corner of Figure 7 and Figure 
8 respectively, one knows that the gnomon AiXFGl3 has an area 
equivalent to a square on one of the legs of the right-angled 
triangle in question (in particular, b2 in Figure 7; and a2 in 
Figure 8). Next, consider the square LDPT which has a side PT 
(i.e. c+a in Figure 7; and c+b in Figure 8). Since ABCM is 
congruent with FGXU, the gnomon ACDFGB and the square LDPX 
combine to form an area equal to the rectangle LMPU. That is, 
(c+a) 2 + b2 = 2c(cia) 
(c+bJ2 + a2 = 2c{c+b) 
Finally, since the rectangle CMSU (i.e. c(ci-a) in Figure 7; and 
c(c+b) in Figure 8) is equal in area to half of the rectangle 
(i.e. 'r[(c+a)2+ b2] in Figure 7; and &[ (c+bj'+ a'] in Figure 8); 
and since the length of one side CS (i.e. c+a in Figure 7; and 
c+b in Figure 8) is already known; then the length of su (i.e. 
c) follows by simple division: 
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&+a)2 + b2 = 
Z(c+a) c (1I:BSa) 
(c+b)' + a2 = 
Z(c+b) C (1I:ASa) [Sl] 
In contrast, consider the case [52] where the gnomon 
ACDFGB (i.e. b2 in Figure 9; and a2 in Figure 10) is removed 
from the square ~~~ (i.e. (&a) 2 in Figure 9; and fc+bj2 in 
Figure 10). Since LAX is congruent with DSFG, the remaining 
area is equivalent to the rectangle RSMN (i.e. 2a(c+a) in 
Figure 9; and Zb(c+b) in Figure 10). But TGMN is half of RSMN. 
Furthermore, its length is MN (i.e. c+a in Figure 9; and c+b in 
Figure lo), which is known. Hence. 
(~+a)' - b2 = 
2 f&a) a 




If, in turning to Section III, one were to regard the 
elements in the left-hand side of the algebraic expressions 
representing Chao's procedures as the given of a problem, then 
one could regard problem twenty-four in the KOU Ku [di] Chapter 
of the Chiu Chang Suan Shu [aa] as a numerical instance of these 
procedures. And because this is the only example in Chapter 
Nine of this kind of procedure, it is not surprising to find 
there in Liu's commentary the diagram appropriate to this 
portion of Chao's annotations. 
The diagram supplied there is entitled by later editors, 
the Kou-Hsien-Ch'a Ku-Hsien-Ch'a Ch'iu Kou-Ku-Hsien chih T'u 
[cg]: that is to say, the Diagram for Seeking the Length of the 
Short Leg, Long Leg and Hypotenuse from the Difference in Length 
between the Long Leg and Hypotenuse and between the Short Leg 
and Hypotenuse (see Figure 11). Now, based on this diagram, 
two relations are immediately apparent. First, the length CD 
(i.e. a), when diminished by length CM (i.e. c-b), leaves the 
length MD (i.e. sib-c). Secondly, the length LN (i.e. b), 
when diminished by length LM (i.e. c-a), leaves the length MN 
(i.e. a+b-c). And so, one also knows that MDNS is a square. 
Therefore, from the area of MDNS and from the lengths CM [i.e. 
c-b) and IM (i.e. c-a), the lengths LN (i.e. b), CD (i.e. a), 
and AE (i.e. c) can all be determined. And, as it turns out, 
the area of MDNS can be ascertained from the two given lengths, 
51. This is the Chiu Chang text's solution to problem thirteen. 
52. Neither of these diagrams occur in the Chiu Chang Suan Shu 
[aa], but again are supplied here on the basis of their analogues 
Fig. 7 and 8. 
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FIGURE 11. 
Diagram for Seeking the Length of the Short Leg, Long Leg and 
Hypotenuse from the Difference in Length Between the Long Leg 
and Hypotenuse and Between the Short Leg and Hypotenuse (from 
Chiu Chanq Suan Shu) 
namely, CN (i.e. c-b) and Z& (i.e. c-a); for BUS is the sum of 
the two congruent rectangles ALCM (i.e. (c-al (c-b)) and STFG 
(i.e. (c-a) (c-b)). 
This last-mentioned fact, I believe [53], results once 
again from features discussed earlier, If ABEG is treated as a 
Ku Shih chih ChU [cd] Diagram (cf. Figure 6), then the gnomon 
AC!DFGB has an area equivalent to the area on the long leg (i.e. 
b2); and if it is treated as a Kou Shih chih ChU [cc] Diagram 
(cf. Figure 5), then the gnomon d~GT~L has an area equivalent 
to the area on the short leg (i.e. a2). But ABEG is the area 
equivalent to the area on the hypotenuse (i.e. ~2). Hence, 
the excess created by the overlap in the gnomon, that is the 
two congruent rectangles ALCM and STFG, must equal the remaining 
square MDNS. And so, this diagram, which is essentially a 
combination of the Ku Shih chih ChU [cd] and Kou Shih chih Chti 
[cc] Diagrams, provides the required diagrammatic underpinning 
for the procedures in Section III: 
/2(c-b)(c-a) f  (c-b) = a (1II:l) 
53. After submitting this paper for publication, I finally 
obtained a copy of Ch'ien Pao-ts'ung 1964. Therein (p. 59) I 
found that he had reached the same conclusion as I, regarding 
the construction of this diagram. 
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J2(c-b)(c-a) -t (c-a) = b (X11:2) 
J2(c-b)(c-a] + (c-a) + (c-b) = c (III:3) 
Section IV having been dealt with, only the last section 
remains to be discussed. Diagrams for its procedures are found 
appended to Liu's commentary on problem eleven, just after the 
portion which sets out the Chiu Chang Suan Shu [aa] Hypotenuse 
Diagram. Curiously enough, the procedures for which the diagrams 
are supplied are not applied to any problems in the KOU KU [di] 
Chapter, let alone to problem eleven. [54] Regardless, the 
two diagrams lend themselves as suitable models for the 
sequencies which are to be scrutinized here. 
Once again it is useful to see the diagrams in terms of 
its simpler component diagrams (i.e. the Ku Shih chih Chit [cd] 
in Figure 12: cf. Figure 5; and the Kou Shih chih ChU [cc] 
Figure 13: cf. Figure 6). These simpler diagrams, it will be 
recalled, are put together in this manner. ABEG has an area 
equal to the square on the hypotenuse (i.e. c2). And the other 
Square CDEF has an area equal to the square on one leg (i.e. b2 
in Figure 12; and a2 in Figure 13). Finally, the gnomon ACDFGB 
is equivalent in area to the square on the remaining leg (i.e. 
a2 in Figure 12; and b2 in Figure 13). At this point, one has 
only to quadruple ABEG (i.e. c2) to form a square lBfzi (i.e. 
4c2), from which either of the two diagrams needed here are 
created: Kou-Shih Kuang-Mao-Ho T'u [ch] (i.e. Diagram from the 
Sum of Lengths and Widths and from the Area on the Short Leg) 
(see Figure 12) and Ku-Shih Kuang-Mao-Ho T'u [ci] (i.e. Diagram 
from the Sum of Lengths and Widths and from the Area and the 
Long Leg) (see Figure 13). 
As a result, two features come to light. First, the side 
LB (i.e. SC) is composed of segments PB (i.e. c-b in Figure 12; 
and c-a in Figure 13) and LP, which in turn is made up of LA 
(i.e. c) and Ap (i.e. b in Figure 12; and a in Figure 13). In 
other words, 
2c = (c-b) + (c+b) 
2c = [c-a) + (&a) (V:l) 
Second, SD (i.e. 2b in Figure 12; and 2a in Figure 13) can be 
viewed as RD (i.e. c+b in Figure 12; and c+a in Figure 13) 
diminished by RS (i.e. c-b in Figure 12; and c-a in Figure 13). 
Or, 
2b = (c+b) - (c-b) 
2a = (c+a) - (c-a) 
54. This is the only really speculative reconstruction on Li 
Ch'un-feng's ft] part. 






Diagram from the Sum of Lengths and Widths and from the Area 
on the Short Leg (from Chiu Chang Suan Shu) 
FIGURE 13. 
Diagram from the Sum of Lengths and Widths and from the Area 
on the Long Leg (from Chiu Chang Sum Shu) 
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If the four gnomons (i.e. 4a2 in Figure 12. and 4b2 in Figure 13) 
are deducted from the square LBMN (i.e. 4c$, then this 
operation results in: 
J4c2 - 4a2 = (c+b) - (c-b) 
J4c2 - 4b2 = (&a) - (c-a) 
(V:2) 
Having obtained a sum (V:l) and a difference (V:2) for two 
elements, each element can be obtained by a rule well known to 
Chinese mathematicians; namely, 
+{[(c-b) + (c+b)] - [(c+b) - (c-b)]) = c-b 
(V:3) [SS] 
*{[(c-a) + (&a)] - [(&a) - (c-a)]) = c-a 
Simple subtraction, then, yields the last step of the procedure: 
c - (c-b) = b 
(V:4) 
c - (c-a) = a 
Having completed this explication of Chao's procedure, 
what, then, can be said by way of summary about the "Diagrams 
of Short Legs and Long Legs and of Circles and Squares", and 
their Notes? Let us begin with the Diagrams. On the one hand, 
there can be no doubt as to the validity of the Hypotenuse 
Diagram: for not only does it illustrate perfectly the procedures 
for which it is cited by Chao as illustration; but also it is 
corroborated by its parallel passages in the Chiu Chang Suan Shu 
[aal. The Left and Right Diagrams, on the other hand, are 
specious for several reasons. To begin with, they cannot encom- 
pass many of the procedures which are not subsumed under the 
Hypotenuse Diagram. Furthermore, those few procedures to which 
they might be ascribed are much more satisfactorily illustrated 
by the Kou Shih Chih Chu [cc] and Ku Shih Chih Chu [cd] Diagrams. 
Lastly, in one place (viz. 1:2), Chen Luan [p], based on a 
misreading of Chao's text, gives an erroneous numerical interpre- 
tation, wherein he explicitly relies on the Left Diagram in 
blatant contradiction to Chao's own citation there of the Hypo- 
tenuse Diagram. As a result, the Left and Right Diagrams should 
be excised as spurious and the Hypotenuse Diagram alone retained 
as authentic. 
Turning to the Notes, one can set out several observations 
which are generated from the review of the mathematical content 
of Chao's Notes given above. First, there is an obvious cleavage 
between procedures dependent on the Hypotenuse Diagram on the 
one hand, and those dependent on the Kou Shih Chih Chu [cc] and 
55. This is the same procedure as IV:2. 
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Ku Shih Chih Chu [cd] Diagrams on the other. Secondly, this 
division is further re-enforced by overt reference to diagrams 
in the former group and by the mere tacit assumption of the 
diagrams in the latter, Thirdly, through a simple transposition 
of order (i.e. Section IV to follow Section I), the latter 
procedures become a well-ordered sequence of progressively more 
intricate operations. 
From all this one sees that there are two sets of pro- 
cedures, distinguished from each other in both form and content. 
Indeed, the heterogeneity in the Notes to the diagrams strongly 
suggests that Chao is not their author but rather their editor. 
After all, the cornerstone of the Kai T’ien [b] theory in any of 
its forms, is the fundamental Pythagorean relationship which 
obtains among the three sides of any right-angled triangle; and 
although the procedures in Chao’s Notes develop this fundamental 
relationship far beyond any requirement of the Kai T’ien [b] 
theories, nonetheless the Chou Pi Sum Ching [a] provides an apt 
repository for such mathematical material, 
In drawing this discussion to a close, the reader may 
feel disquieted by certain persistently unresolved questions. 
For example, what accounts for the reference to circles in the 
title to the diagrams? How is it that a mathematician of Chen 
Luan’s [p] apparent experience could have co~itted so many 
errors and have employed incorrect diagrams? These questions, 
however, concern aspects extrinsic to the passage under consider 
ation and so cannot be answered by analysis which confines 
itself to features intrinsic to the passage. They must await 
further, more comprehensive investigations of the entire Chou 
Pi Sum Ching [a] text. 
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